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Abstract: We compute coefficients of two-derivative terms in the hydrodynamic
energy momentum tensor of a viscous fluid which has an AdSD dual with 3 ≤ D ≤ 7.
For the case of D = 3 we obtain an exact AdS3 black hole solution, valid to all orders
in a derivative expansion, dual to a perfect fluid in 1 + 1 dimensions.
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1. Introduction and summary
The gauge-string correspondence, or AdS/CFT, has proved to be an effective tool for
studying strongly coupled dynamics of gauge-theories. In particular, conformal gauge
theories at finite temperature and long wavelengths have a hydrodynamic description
which can be captured by AdS black holes. An important early application of such a
dual description can be found in [1], where the authors computed the shear viscosity
to entropy ratio of the N = 4 supersymmetric Yang-Mills plasma at large ’t Hooft
coupling,
η
s
=
1
4π
. (1.1)
This ratio is quite robust, retaining its (strong coupling) value of 1/(4π) in many
theories which admit a holographic dual, in any dimension, [2, 3, 4, 5, 6]. More
recently, the authors of [7, 8, 9, 10, 11, 12, 13] calculated some of the higher order
hydrodynamic coefficients in gauge theories with AdSD duals. It is natural to inquire
how the higher order coefficients depend on the dimensionality of spacetime. The
D = 5 and D = 4 cases have already been addressed in [8] and [12], respectively,
and in [9] one of the four second order coefficients was calculated for D = 4, 5 and
7. The purpose of this work is to complete the picture and see how the second order
coefficients depend on the spacetime dimension of the boundary theory.
Our method of computation is an immediate extension of the work in [8]. There,
an algorithm was presented to construct asymptotically AdS5 black holes which are
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dual to a non-trivial flow of a viscous fluid in four dimensional conformal gauge the-
ories.1 The algorithm involves (perturbatively) extending the known asymptotically
AdS5 boosted black hole solutions by allowing the temperature and boost parameters
to vary slowly over the spacetime coordinates transverse to the radial AdS direction.
A detailed analysis of the geometric properties of these solutions can be found in
[14]. In [12] these new black hole solutions were constructed for D = 4 and in this
work we show that such a construction is possible in 3 ≤ D ≤ 7. The D = 3 case
is special—as expected on general grounds [15, 16] the black hole solution we find
is diffeomorphic to the AdS3 static black hole. In section 4 we discuss this in more
detail.
Explicit string/M-theory realizations of conformal field theories dual to super-
gravity theories with an empty AdSD solution are available for D = 3, 4, 5 and 7
(in the appropriate limit). Concrete dualities in D = 6 are less straightforward to
obtain. For instance, the AdS/CFT correspondence based on D4-branes leads to
a non-trivial dilaton background. Perhaps the more general ideas put forward in
[17, 18] could be used to obtain concrete examples. However, as stressed in [12],
the long wavelength limit of the new black hole solutions is governed by conformal
fluid dynamics (with particular higher order transport coefficients) even without an
explicit realization of AdSD/CFTD−1. This is very reminiscent of the membrane
paradigm [19, 20, 21] discussed in a similar context in [3, 22].
As in [8], we use the Eddington-Finkelstein coordinate system to construct the
black hole solutions. With it, it is easier to ensure that the metric is smooth every-
where. Since it is standard practice to use the Fefferman-Graham coordinate system
when using the prescription developed in [23, 24, 25, 26, 27] to compute boundary
observables, we go over the bulk-to-boundary mapping in the Eddington-Finkelstein
coordinate system in section 2. This analysis will also allow us to simplify the cal-
culations in later sections.
In section 3 we derive our main results which are the second order hydrodynamic
coefficients of the energy momentum tensor of a conformal fluid dual to an AdSD
black hole. These can be parameterized as follows. Consider the most general energy
momentum tensor of a conformal fluid. We denote the temperature of the fluid by T ,
and its velocity field by uµ with uµuµ = −1. Greek indices run from µ = 0, . . . , d−1 =
D−2 and are raised and lowered with the Minkowski metric. In the static case, when
the temperature and velocity field are constant, tracelessness implies that the energy
momentum tensor must take the form
〈Tµν〉 = p0T d (duµuν + ηµν) , (1.2)
1In the following we use the term black hole to describe a geometry with an event horizon. Thus,
we do not distinguish between black holes and black branes; the event horizon of the black holes
we consider is flat.
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where p0 is a dimensionless constant. In the rest frame of the fluid the energy density
is
e0T
d = (d− 1)p0T d. (1.3)
In the non-static case, where the temperature and velocity field are allowed to vary,
uµ = uµ(xν), T = T (xν), one can expand the energy momentum tensor of the fluid in
derivatives of the velocity field and of the temperature. A classification of all possible
terms up to two orders in the derivatives has been carried out in [7]: in the Landau
frame where
uµ〈Tµν〉 = −p0T duν , (1.4)
and for a conformally flat background, this energy momentum tensor takes the form
〈Tµν〉 = p0T d (duµuν + ηµν)− η σµν + ητΠ Σ(0)µν + λ1Σ(1)µν + λ2Σ(2)µν + λ3Σ(3)µν , (1.5)
where
σµν = 2∂〈µuν〉 , ωµν =
1
2
P λµP
σ
ν (∂λuσ − ∂σuλ) (1.6)
and
Σ(0)µν = 〈u
λ∂λσµν〉 +
1
d− 1σµν∂λu
λ ,
Σ(1)µν = σ〈µλσ
λ
ν〉 , Σ
(2)
µν = σ〈µλω
λ
ν〉 , Σ
(3)
µν = ω〈µλω
λ
ν〉 . (1.7)
Here Pµν is the projection operator
Pµν = uµuν + ηµν , (1.8)
and angular brackets denote a traceless projection onto the space orthogonal to uµ
so that
A〈µν〉 = P
λ
µP
σ
ν
1
2
(Aλσ + Aσλ)− 1
d− 1PµνP
λσAλσ (1.9)
satisfies ηµνA〈µν〉 = 0 and uµA〈µν〉 = 0. Our notation closely follows that of [7] and
differs from that of [8, 12] by a factor of two in the definition of σµν . The astute reader
might worry that none of the terms in (1.7) contain derivatives of the temperature.
This is because derivatives of the temperature may be exchanged with derivatives of
the velocity field once the stress-energy tensor is conserved. See [7] for details.
Thus, according to [7] the energy momentum tensor of a viscous fluid (1.5)
expanded to second order in derivatives of the velocity and temperature fields, is
parameterized by five coefficients η, τΠ and λi with i = 1, . . . , 3. For the fluids
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considered in this paper, we find
η
s
=
1
4π
(1.10a)
ητΠ
c
=
d
16π2(d− 1)2 +
d
32π2(d− 1)2


pi
3
√
3
− ln 3 d = 3
− ln 2 d = 4
−pi
5
√
1− 2√
5
+ coth
−1
√
5√
5
− 1
2
ln 5 d = 5
− pi
6
√
3
− 1
2
ln 3 d = 6
(1.10b)
λ1
c
=
d
32π2(d− 1)2 (1.10c)
λ2
c
= 2
(
ητΠ
c
− d
16π2(d− 1)2
)
(1.10d)
λ3 = 0 (1.10e)
with s the entropy density and c the second derivative of the energy density:
s =
∂
∂T
(p0T
d) , c =
∂2
∂T 2
(e0T
d) . (1.11)
Our choice for normalizing the second order coefficients by c is arbitrary: we could
have also normalized the coefficients by the derivative of the entropy density which
would have resulted in different factors of d− 1. Our value for η agrees with [1] and
is not new. The values for τΠ and λi for d = 3 and d = 4 have been computed in
[12, 8, 7], and τΠ has been computed for d = 3, 4 and 6 in [9]. Our results are in
complete agreement with those values.
Note that in d = 3 one has Σ(1) = Σ(3) = 0 identically, and in d = 2 one has
σ = Σ(0) = Σ(i) = 0. In fact, in a 1+1 dimensional conformal theory there can be no
transport coefficients since there is no non-trivial two dimensional transverse, trace-
less, symmetric matrix. A similar argument based on finite temperature correlators
can be found in [28]. Thus, for d = 2, we expect no higher derivative corrections to
the energy momentum tensor (1.2) and indeed, in section 4 we find exact black hole
solutions to the Einstein equations valid to all orders in a derivative expansion.
In [7] a weak coupling analysis of second derivative terms was carried out using
kinetic theory. By using a multipole expansion of the Boltzmann equation, it was
shown that a conformal theory in 3 + 1 dimensions should satisfy
λ3 = 0 , λ2 = −2ητΠ . (1.12)
According to (1.10e) the first of these equalities is satisfied also at strong coupling
in any dimension. The weak coupling result for λ2 differs from the strong coupling
result, though we note that in both cases the sign of τΠ is opposite to that of λ2.
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2. The bulk to boundary correspondence
The algorithm introduced in [8] for finding the black hole solutions dual to fluid
dynamics is very similar in spirit to the derivative expansion of the boundary energy
momentum tensor described above. Consider a Poincare´ patch of a boosted AdSD
black hole in Eddington-Finkelstein coordinates
ds2 = −r2
(
1− 1
rD−1bD−1
)
uµuνdx
µdxν + r2Pµνdx
µdxν − 2uµdxµdr (2.1)
with
Pµν = uµuν + ηµν , uµu
µ = −1 , (2.2)
3 ≤ D ≤ 7 and constant uµ and b. Recall that µ runs from 0 to D−2. The Hawking
temperature is related to the parameter b by
b =
D − 1
4πT
. (2.3)
The metric in (2.1) is a solution to the Einstein equations
RMN + (D − 1)gMN = 0 , R = −D(D − 1) (2.4)
in the absence of matter. Roman indices take the values M = 0, . . . , D − 1. As
explained in [8], the Eddington-Finkelstein coordinate system is more useful in this
case than the standard Fefferman-Graham coordinate system since apart from the
curvature singularity at r = 0, the metric is finite everywhere and the determinant
is non-vanishing; if we consider small perturbations of this metric then, as long as
the perturbations are finite everywhere, we are assured that only r = 0 will be a
curvature singularity.
The boundary theory stress tensor dual to this solution can be obtained by the
prescription of [29, 25] which is based on [23, 24]. The result, written in covariant
form, is
〈Tµν〉 = lim
r→∞
[
r(D−3)
κ2D
(Kµν −Kγµν − (D − 2)γµν)
]
, (2.5)
where κD is the D dimensional gravitational coupling constant (κ
2
D = 8πGD),
Kµν = − 1
2n
(∂rγµν −∇µnν −∇νnµ) (2.6)
are the µ,ν components of the extrinsic curvature of a hypersurface close to the AdS
boundary, K = Kµνγ
µν and γµν , n and nµ are the boundary metric, lapse function
and shift functions, respectively. In our setup they are defined by writing the bulk
metric as
ds2 = n2dr2 + γµν(dx
µ + nµdr)(dxν + nνdr) . (2.7)
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See [30] for details. Under the equations of motion the energy momentum tensor will
be traceless [29, 25], which implies that
K = −(D − 1) . (2.8)
Using (2.5) and (2.8), the energy momentum tensor dual to the black hole (2.1) reads
〈Tµν〉 = 1
2κ2D
1
bd
(d uµuν + ηµν) . (2.9)
At this point, by comparing (1.2) to (2.9) and using the relation (2.3), we find that
p0 =
1
2κ2D
(
4π
d
)d
=
Γ(d/2)3
4πd/2Γ(d)
(d− 1)
d(d+ 1)
(
4π
d
)d
c , (2.10)
where c is the central charge of the conformal theory and in the last line we have
used the results of [31]. Thus, the black holes (2.1) are dual to fluids with a constant
velocity field and temperature.
To obtain gradient corrections to (2.9) we need to allow the inverse temperature
b and the velocity field uµ to vary in space and time. Of course, once we do that
(2.1) will no longer be a solution to the Einstein equations (2.4). The algorithm
proposed in [8] is to expand the metric of the black hole in derivatives of the velocity
field and temperature, and solve the Einstein equations (2.4) order by order in a
derivative expansion. To parameterize the corrections to (2.1) once the gradients
are non vanishing, we first fix a gauge where grr = 0 and grµ ∝ uµ. Then the most
general line element that can be obtained, takes the form
ds2 = r2k[r, uλ, b]uµuνdx
µdxν + r2h[r, uλ, b]Pµνdx
µdxν + r2πµν [r, u
λ, b]dxµdxν
+ r2jσ[r, u
λ, b]
(
P σµ uν + P
σ
ν uµ
)
dxµdxν − 2S[r, uλ, b]uµdxµdr
≡ r2gµνdxµdxν − 2S[r, uλ, b]uµdxµdr . (2.11)
The functions S, k, h, jµ and πµν are determined order by order in a gradient
expansion of the velocity field and the temperature. The tensor πµν is symmetric,
traceless and transverse to the velocity field, uµπµν = 0. We shall use a superscript
(n) to denote the n’th order term in a (boundary coordinate) derivative expansion
of the various fields S, k, h, jµ and πµν . Thus, according to (2.1) we have
k(0)[r, uλ, b] = −
(
1− 1
rD−1bD−1
)
, S(0)[r, uλ, b] = 1 , h(0)[r, uλ, b] = 1 ,
j(0)[r, uλ, b] = 0 , π(0)[r, uλ, b] = 0 . (2.12)
Note that in (2.11) there is still some gauge freedom in reparameterizing the radial
coordinate. We shall fix this gauge freedom later.
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Once S, k, h, jµ and πµν are known we can determine the higher order corrections
to the boundary theory stress tensor via (2.5) and (2.8). Before proceeding, we take
the time to simplify our expression (2.5) for the energy momentum tensor. Let us
start by expanding the extrinsic curvature and the metric in a series expansion near
the boundary (large r), denoting the coefficient of the 1/rm term with a superscript
(m). We use this notation to distinguish coefficients of a near boundary expansion
(barred indices) from coefficients of a derivative expansion (unbarred indices). We
find that
Kµν + γµν =
D−1∑
n=1
(
n
2
g(n)µν +
1
2
(
2S(n) + k(n)
)
ηµν +O(∂n)
)
r2−n +O(r2−D) , (2.13)
where O(∂n) means terms of order n in a derivative expansion. Since the boundary
energy momentum tensor is finite once the equations of motion are satisfied [29, 25],
then (2.5) guarantees that all terms of order rn with n ≤ D − 2 will vanish (note
that this also implies g
(n)
MN = O(∂n) for n ≤ D − 2.) Thus,
Kµν+γµν =
(
D − 1
2
g(D−1)µν +
1
2
(
2S(D−1) + k(D−1)
)
ηµν +O(∂D−1)
)
r3−D+O(r2−D) .
(2.14)
Since we are interested only in second derivative corrections, we can neglect the
O(∂D−1) terms in (2.14) as long as D > 3. We will treat the D = 3 case separately
in section 4. Using (2.11) and gµν = ηµν +O(r−1), the tracelessness condition (2.8)
reads
S(D−1) = −(D − 2)
2
h(D−1) . (2.15)
Further, if we work in the Landau frame (1.4) then j
(D−1)
λ , k
(D−1) and h(D−1) must
satisfy
j
(D−1)
λ P
λ
ν = 0 , k
(D−1) + h(D−1) =
1
b(D−1)
. (2.16)
As explained in [12] for D = 4 and in [8] for D = 5 and as we shall see more generally
below, fixing these coefficients corresponds to choosing the zero momentum quasi-
normal modes of the black hole. In other words, on the gauge theory side we fixed the
ambiguity in determining the velocity field and temperature by going to the Landau
frame. On the black hole side, this ambiguity manifests itself in constant shifts of uµ
and b which we fix by (2.16). We elaborate on this point in section 3. Using (2.15)
and (2.16), we find that in the Landau frame (2.5) reads
2κ2D〈Tµν〉 =
1
bD−1
((D − 1)uµuν + ηµν) + (D − 1)π(D−1)µν +O(∂D−1) . (2.17)
From (2.17) we see that in order to obtain the hydrodynamic coefficients η, τΠ and
λi, we only need the (D − 1)’th coefficient of πµν in a series expansion for large r.
Since this coefficient will play an important role in what follows, we define
(D − 1)π(D−1)µν ≡ Πµν . (2.18)
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3. Solving the Einstein equations
To proceed, we need to solve (2.4) order by order in a derivative expansion of the
velocity fields. One method to keep track of derivatives in such an expansion is to
solve the equations of motion in a neighborhood of some arbitrary point xµ, say
xµ = 0, and then extend the result to the whole manifold. See [8] for further details.
At the point xµ = 0 we can of course set uµ(0) = (1,~0) and b(0) = b0, which we
do. Thus, after plugging the ansatz (2.11) with the zero order solution (2.12) and
expanding S, k, h, j and π around xµ = 0, we find at order n
∂r
(
r(1− bD−10 rD−1)∂rπ(n)ij (r)
)
= P
(n)
ij (b0r)
(3.1a)
∂r
(
rD∂rj
(n)
i (r)
)
= J
(n)
i (r)
(3.1b)
(D − 2)r−1∂rS(n)(r)− D − 2
2r2
∂r
(
r2∂rh
(n)(r)
)
= S(n)(r)
(3.1c)
∂r
(
rD−1k(n)(r)
)
+ 2(D − 1)rD−2S(n)(r) +
(
(D − 3)
2bD−10
− (D − 2)
r1−D
)
∂rh
(n)(r) = K(n)(r) ,
(3.1d)
where i = 1, . . . , D − 2. Note that since π(n) and j(n) are the order n terms in
a derivative expansion, only their spatial components appear in the expansion of
the equations of motion around xµ = 0 (because uµπµν = 0 and u
µjµ = 0). The
contributions coming from the known, order n−1, terms are contained in the sources
on the right hand side of equation (3.1). These have to be determined order by order.
In addition to (3.1) there are D first order constraint equations. Of these, D− 1
are simply a statement of energy conservation of the boundary theory stress tensor
∂µ〈T µν〉 = 0 , (3.2)
and restrict the relation between the temperature and velocity fields (at the appropri-
ate order in a derivative expansion). For example, at second order in the derivative
expansion, the derivative in (3.2) acts on the first order energy momentum tensor.
The resulting equations give the covariant version of the Navier Stokes equation. The
D’th constraint equation should be related to tracelessness of the boundary theory
stress tensor [32]. Since we have already imposed tracelessness by hand via (2.8) this
is difficult to observe in the current formalism.
Recall that we have not completely fixed the gauge and we are still allowed to
rescale the radial coordinate. One family of gauges used in [8] and [12] which is
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consistent with (2.15) is to set
S = −(D − 2)
2
h . (3.3)
Another possibility discussed in [14] is
S = 1 . (3.4)
Here we shall use
h = 1 , (3.5)
since then (3.1c) and (3.1d) reduce to first order equations. It is always possible to
reach the gauge (3.5) by a redefinition of the radial coordinate, r˜ = r
√
h.
After fixing the gauge (3.5), the most general solution to (3.1) contains D(D −
3)+2(D−2)+2 integration constants: the second order equations for πij and ji leave
D(D− 3) and 2(D− 2) undetermined coefficients, and the two first order equations
for the scalars leave two more coefficients. Of these, D(D − 3)/2 + (D − 2) + 1
are fixed by requiring that there are no deformations of the asymptotically AdS
boundary. This implies that the leading large r behavior of all the fields should
vanish. Requiring that the fields are smooth everywhere except at r = 0 fixes the
rest of the D(D − 3)/2 integration constants for πij. The remaining (D − 2) + 1
integration constants are j
(D−1)
i and k
(D−1). These correspond to the solutions of
the linearized Einstein equations at zero momentum, i.e., the zero momentum quasi-
normal modes. Physically, they correspond to constant shifts in the temperature and
velocity fields of the black hole, and we need a prescription for fixing their values.
On the gauge theory side, such a redefinition of the velocity and temperature fields
is also possible and we have fixed this ambiguity by going to the Landau frame (1.4).
As we have discussed in section 2 the holographic counterpart of going to the Landau
frame is (2.16), which precisely fixes the zero momentum quasi normal modes of the
black hole. Thus, the solution to (3.1) is
π
(n)
ij (r) = −
1
b0
∫ ∞
r
∫ x
1
P
(n)
ij (x
′)dx′
x(1− xD−1) dx (3.6a)
j
(n)
i (r) = −
∫ ∞
r
1
xD
∫ x
1
J
(n)
i (x
′)dx′dx+ r−(D−1)Ci (3.6b)
S(n)(r) = − 1
D − 2
∫ ∞
r
xS(n)(x)dx (3.6c)
k(n)(r) = r−(D−1)
∫ r
1
(
K(n)(x)− 2(D − 1)xD−2S(n)(x)) dx+ r−(D−1)C0 , (3.6d)
where Ci and C0 are chosen so that the r
−(D−1) term in a near boundary series
expansion of (3.6) vanishes. Note that in order for the integrals to exist, i.e., in
order to have an asymptotically AdS solution, we need that
S = O(r−3) , K = O(rD−3) , P = O(rD−3) , J = O(rD−3) . (3.7)
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What we are actually interested in is the r−(D−1) coefficient of a near boundary
expansion of πµν(r). This is because (2.17) implies that this coefficient is the only
one that holds information about the boundary theory energy momentum tensor.
After reinstating powers of b, expanding (3.6a) in a power series, and using (2.18),
we find
bDΠ(n)µν = lim
ρ→∞
(
D−3∑
m=0
(−1)m+1ρ
m+1∂mρ P
(n)
µν (ρ)
(m+ 1)!
+
∫ ρ
1
P(n)µν (ρ
′)dρ′
)
. (3.8)
Perhaps it is worth emphasizing that when computing Π
(n)
µν , as long as the conditions
in (3.7) are satisfied, we can completely neglect the source terms for the scalar and
vector modes. This simplifies the analysis as compared to [8] and [12], where the full
D = 5 and D = 4 dimensional black hole solutions were determined (to second order
in a gradient expansion). In particular, we are relieved of classifying all possible
scalar and vector modes of SO(D − 2). In addition, we will see that P takes on
a form which could be guessed from (1.5) so that we do not need to construct the
traceless tensors of SO(D− 2) either.
3.1 First order expansion
Inserting (2.12) into (2.11) and plugging it into (2.4) we obtain the first derivative
(n = 1) terms in (3.6). The source term Pij is given by
b−2P(1)µν (rb) = (D − 2)(rb)D−3σµν (3.9)
when restricted to the neighborhood of xµ = 0. The sources for the other modes
obey the conditions in (3.7). From (3.8) we find
Π(1)µν = −
1
bD−2
σµν (3.10)
implying that
2κ2D〈Tµν〉 =
1
bD−1
((D − 1)uµuν + ηµν)− 1
bD−2
σµν . (3.11)
Using the relation (2.3) together with (1.11) (or alternatively, by computing a quarter
of the area of the horizon) we obtain (1.1).
Had we been interested only in the first derivative corrections to the hydrody-
namic energy momentum tensor we could have stopped here. Since we are looking
for two derivative corrections, we need to have the explicit form of S(1), j(1), k(1) and
π(1) since they will contribute later to S(2), J(2), K(2) and P(2). The various sources
in (3.1) are given by restricting
S(1) = 0 (3.12a)
K(1) = 2rD−3∂λuλ (3.12b)
J(1)ν = (D − 2)rD−3uλ∂λuν (3.12c)
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to xµ = 0, together with (3.9). From (3.6) we find
S(1)(r) = 0 (3.13a)
k(1)(r) =
2
D − 2
1
r
∂λu
λ (3.13b)
j(1)ν (r) = −
1
r
uλ∂λuν (3.13c)
π(1)µν (r) = b
∫ ∞
br
dx
xD−2 − 1
x(xD−1 − 1)σµν
≡ bF (br)σµν . (3.13d)
The integral in the last line can be carried out explicitly,
F (ρ) = − ln(ρ) +
D−2∑
n=1
ln(ρ− rn)rD−3n∑D−3
k=0 (k + 1)r
k
n
, (3.14)
where rn are the D − 2 roots of the polynomial
∑D−2
n=0 z
n = 0. To facilitate the
comparison with [8, 12] we can rewrite F (ρ) in terms of arctangent functions and
logarithms. This takes the somewhat bulky form
F (D=4)(ρ) =− ln(ρ) + 1
2
ln(ρ2 + ρ+ 1)− 1√
3
arctan( 2√
3
ρ+ 1√
3
) +
π
2
√
3
, (3.15a)
F (D=5)(ρ) =− ln(ρ) + 1
2
ln(ρ+ 1) +
1
4
ln(1 + ρ2)− 1
2
arctan(ρ) +
π
4
, (3.15b)
F (D=6)(ρ) =− ln(ρ)− 1
2
ln(2) +
1
20
(5 +
√
5) ln(2ρ2 +
√
5ρ+ 2 + ρ) (3.15c)
− 1
20
(−5 +
√
5) ln(2ρ2 −
√
5ρ+ 2 + ρ)
− 1
20
√
10 + 2
√
5(
√
5− 1) arctan
( 1
40
√
10− 2
√
5(5 +
√
5)(
√
5 + 4ρ+ 1)
)
+
1
20
√
10− 2
√
5(1 +
√
5) arctan
( 1
40
√
10 + 2
√
5(−5 +
√
5)(−
√
5 + 4ρ+ 1)
)
+
1
40
π
√
5
√
10 + 2
√
5 +
1
40
π
√
10 + 2
√
5 ,
F (D=7)(ρ) =− ln(ρ) + 1
12
ln(1 + ρ2 − ρ)− 1
2
√
3
arctan( 2√
3
ρ− 1√
3
) (3.15d)
+
1
3
ln(ρ+ 1) +
1
4
ln(ρ2 + ρ+ 1)− 1
2
√
3
arctan( 2√
3
ρ+ 1√
3
) +
π
2
√
3
.
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3.2 Second order expansion
At second order the source Pij is given by
b−3P(2)µν (ρ) =
(
2ρ(D−2)/2∂ρ
(
ρ(D−2)/2F (ρ)
)− (D − 4)ρD−4)Σ(0)µν
+
(
(D − 2)ρD−3F (ρ) + (1− ρD−1) ρ(∂ρF (ρ))2 − 1
2
(D − 3)ρD−4
)
Σ(1)µν
+
(
2ρD−4 + 4ρ(D−2)/2∂ρ
(
ρ(D−2)/2F (ρ)
) )
Σ(2)µν
−
(
4
ρ3
+ 2(D − 3)ρD−4
)
Σ(3)µν (3.16)
after expanding it around xµ = 0. In (3.16) we have used ρ = br. We remind the
reader that Σ(i) = 0 for D = 3 and Σ(1) = Σ(3) = 0 for D = 4. One can now use
(3.8) to compute Π
(2)
µν , and
c =
8π2(d− 1)2b2−d
dκ2D
(3.17)
to derive (1.10). Of course, in order for a solution to exist at second order, we have
to make sure that the sources satisfy (3.7). They do.
4. AdS3
AdS3 is dual to a 1+1 dimensional conformal field theory. In 1+1 dimensions there
can be no transport coefficients since there is no non-trivial transverse symmetric
traceless component of the energy momentum tensor. Thus, we expect that the
energy momentum tensor will be that of a perfect fluid:
〈Tµν〉 = πc
6
T 2 (2uµuν + ηµν) , (4.1)
where c is the central charge. To gain some more insight into conformal fluid dy-
namics in 1 + 1 dimensions we switch to light-like coordinates
x− = x− t , x+ = x+ t , (4.2)
where the velocity field takes the form:
uµ(x
−, x+)dxµ =
dx−
2θ(x−, x+)
− 1
2
θ(x−, x+)dx+ . (4.3)
In this coordinate system, the energy momentum tensor is given by
〈Tµν〉 = πc
12
T (x−, x+)2
(
θ(x−, x+)−2 0
0 θ(x−, x+)2
)
. (4.4)
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Energy conservation,
∂−〈T++〉 = 0 and ∂+〈T−−〉 = 0 , (4.5)
implies that T (x−, x+) and θ(x−, x+) should be decomposed such that
T (x−, x+) =
1
2πb0
X−(x
−)X+(x
+) , θ(x−, x+) =
X−(x−)
X+(x+)
. (4.6)
Thus, we have traded the velocity and temperature dependence of the fluid with two
holomorphic functions, X+ and X−. Clearly, by going to a new coordinate system
x˜−, x˜+ defined through
dx˜− = X−(x−)2dx− , dx˜+ = X+(x+)2dx+ , (4.7)
we can rescale the energy momentum tensor to be proportional to the identity: that
of a fluid at rest with temperature T = 1/(2πb0). Put differently, we can always find
a coordinate system where the fluid seems static. In this case, all of the dynamics of
the fluid will be captured by the coordinate transformation (4.7).
Since the 1 + 1 dimensional conformal fluid has no transport coefficients, it is
possible to guess the metric for the AdS3 dual description. By direct computation
one can show that the line element
ds2 = −r2
(
1− 1
r2b2
− 2
r
∂λu
λ
)
uµuνdx
µdxν+r2Pµνdx
µdxν−ruλ∂λ (uµuν) dxµdxν−2uµdxµdr
(4.8)
is an exact solution to the Einstein equations as long as
uλ∂λb = b∂λu
λ and ∂νb = bu
λ∂λuν . (4.9)
The boundary theory energy momentum tensor (2.5) takes the form (4.1) once we
use [33, 34, 35, 29]
c =
12π
κ23
, (4.10)
which is consistent with (2.10) for d = 2.
Since the boundary theory energy momentum tensor can be brought to a diagonal
form via a coordinate transformation, we expect that (4.8) should also coincide with
the standard non-rotating BTZ black hole after a similar coordinate transformation
in the bulk. This is also expected on more general grounds [15, 16]. Indeed, after
using
dx˜+ = X+(x
+)2dx+ , dx˜− = X−(x−)2dx− , r˜ =
r
X−(x−)X+(x+)
, (4.11)
where X+ and X− are related to the velocity field and temperature through (4.6) and
(2.3), one obtains (4.8) with uµ = (−1, 1), b = b0 and ds2 = dx˜+dx˜−. This is nothing
but the static AdS3 black hole in the Eddington-Finkelstein coordinate system.
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The solution (4.8) is exact, we can also write it in the more familiar Fefferman-
Graham coordinates,
ds2 = −(z
2 − 4b2)2
16b4z2
uµuνdx
µdxν +
(z2 + 4b2)
2
16b4z2
Pµνdx
µdxν + z−2dz2 . (4.12)
This allows us to make contact with [36] which discusses a special case of (4.8) (or
(4.12)) where the flow was boost invariant: the authors observed that if one works
with the flat space line element
ds2 = −dτ 2 + τ 2dη2 (4.13)
and the special solutions to the fluid equations
uµ = (1, 0) , b =
τ
τ0
(4.14)
with τ0 an integration constant, then the AdS3 dual of this flow is given by (4.12).
Of course, since (4.12) is diffeomorphic to the BTZ black hole, it fits the general
asymptotically AdS3 solutions described in [37].
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